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Abstract 

We extend the results of Watson, which link quantum unique ergodicity on arith- 
metic hyperbolic surfaces with subconvexity for the triple product L function, to the 
case of arithmetic hyperbolic three manifolds. We work with the full unitary dual 
of 5*^(2, C), and consider QUE for automorphic forms of arbitrary fixed weight and 
growing spectral parameter. We obtain our results by constructing microlocal lifts 
of nonspherical automorphic forms using representation theory, and quantifying the 
generalised triple product formula of Ichino in the case of complex places. 

1 Introduction 

If M is a compact Riemannian manifold, it is a central problem in quantum chaos to under- 
stand the behvaiour of high energy Laplace eigenfunctions on M. If {ipn} is a sequence of 
such eigenfunctions with eigenvalues A„ tending to oo, a natural question that one may ask is 
whether tp^ are becoming approximately constant. This may be asked either in a pointwise 
sense, by showing that certain norms of ifjn are small, or on average, by showing that 
the probability measures = \ipn{x)\'^dv tend weakly to the Riemannian volume dv of M. 
There is a conjecture of Rudnick and Sarnak p!5] known as the quantum unique ergodicity 
conjecture, or QUE, which predicts the equidistribution of ipn in this weak-* sense when M 
is negatively curved, and in this paper we shall be interesed in a case of this conjecture in 
which M is an arithmetic hyperbolic three manifold. 

The QUE conjecture predicts not just the equidistribution of yU„, which can be thought 
of as the positions of the quantum states ■?/'„, but of a semiclassical analogue of the combined 
position and momentum called the microlocal lift. This is most naturally described in 
terms of the correspondence between the geodesic flow on S*M and the space L'^{M) with 
the unitary Schrodinger evolution. The observables of the geodesic flow are functions a G 
C°°{S*M), and after making a choice of quantisation scheme it is possible to associate to 
each classical observable a a self-adjoint operator Op(a), which may be thought of as a 
quantum observable taking the value {Op{a)ip , ip) on a wavefunction ip G L'^{M). For each 
fixed ip the map 
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/i^(a) : a (Op(a)z/', z/^) (1) 

can be shown to be a distribution on C°°{S*M), and this is defined to be the microlocal 
hft of if). This construction is due to Snirel'man [17], who also proved that any high energy 
weak hmit of the /I^ is a measure invariant under the geodesic fiow. The microlocal form of 
the QUE conjecture then predicts that the only limit of {/in} is Liouville measure, or that 
all derivatives of ipn are behaving randomly. 

The fact that weak limits of the Jin are fiow invariant measures makes it possible to apply 
ergodic techniques to the QUE conjecture, which has lead to an essentially complete solution 
in the case of arithmetic quotients of and (H^)" by Lindenstrauss [9l |10] (with contri- 
butions by Soundararajan [18] to deal with the noncompact case), and compact quotients 
of GL(n,R) for n prime by Silberman and Venkatesh [THl ED]- In the case of arithmetic 
quotients of H^, a second approach based on the triple product L function was developed by 
Watson [22]. To give an illustration of his results, let X = SL{2, Z)\]H[^ and let (pi be three 

normalised Hecke-Maass cusp forms on X with associated representations tTj. Watson 
then proves the beautiful identity 



X 
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A consequence of this formula is that the coarse form of the QUE conjecture would be 
implied by a subconvex bound for the triple product L function in the eigenvalue aspect, 
and similar formulae for vectors of higher weight in tTi would allow one to deduce the full 
microlocal version. The purpose of this paper is to prove the same implication in H'^ for a 
standard collection of manifolds Y called the Bianchi manifolds. 

As we are considering the QUE conjecture from the point of view of automorphic forms, it 
is natural for us to work not only with Laplace eigenfunctions and their associated spherical 
representations but with the full unitary dual of SL{2, C). This dual is indexed by a weight 
A; G Z and and a spectral parameter r G M (ignoring the complimentary series), and for each 
fixed k we shall study the quantum limits of automorphic forms of weight k and growing 
spctral parameter. To describe our approach to this, let {vr„} be a sequence of automorphic 
representations of this type. We may associate to {vr„} a sequence of sections {i^n} of a 
principal SU{2) bundle over Y = T\SL{2,C)/ SU{2), which are the objects whose high 
energy behaviour we shall study. We first construct microlocal lifts of ipn in terms of the 
representations 7r„, following earlier constructions of Zelditch [231 [21], Lindenstrauss [TD], and 
Silberman and Venkatesh [19], and provide heuristics to illustrate what the generalisation of 
the QUE conjecture to these vector valued objects should be. Our construction has the novel 
feature that we are applying it to nonspherical representations, and as a result of this and the 
nonabelianness of SU{2) we find that there is a richer set of expected quantum limits than in 
the case of functions. For instance, when the QUE conjecture for ipn is interpreted in terms 
of differential forms on Y it predicts different quantum limits for exact and coclosed 1-forms. 
Once we have defined a lift in terms of automorphic forms we may then test its convergence 
to the expected limit by integration, using the general GL2 triple product formula of Ichino 
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[?]. The expected equivalence between QUE and subconvexity follows from Icliino's formula 
once once we have made it sufficiently quantitative, which requires the estimation of certain 
Archimedean local integrals using the Whittaker function formulas of Jacquet-Langlands [H] 
and a formula appearing in a paper of Michel and Venkatesh [13j . 

The structure of the paper is as follows. We introduce our notation in section [2l before 
giving precise statements of our results in section |3l We establish the basic properties of 
our microlocal lift in sections H] and and establish the relationship between QUE and 
subconvexity in sections M and [71 We conclude in section [H] by giving an interpretation of 
the vector-valued QUE conjecture in terms of differential forms on Y. 

Acknowledgements: We would like to thank our adviser Peter Sarnak for suggesting 
this problem as part of our thesis, and providing much guidance and encouragement in the 
course of our work. 



Let F be an imaginary quadratic field, which we assume for simplicity to have class number 
one, with ring of integers O. Let G = SL{2, C) and K = SU{2), let F C G be the projection 
of GL{2, O) to G by central twisting, and let Y = r\G/K be a Bianchi manifold. Note that 
Y is also equal to GL{2, 0)Z\GL{2, C)/K. We begin by establishing notation for represen- 
tations of K and G. Let pm denote the irreducible m + 1 dimensional representation of K 
with Hermitian inner product ( , ), and let ■* denote the associated conjugate linear isomor- 
phism between pm and p"^. We choose an orthonormal basis {vt} {t = m,m — 2, . . . , —m) 
for Pm and dual basis {v*} for p'^, consisting of eigenvectors of M satisfying 



T = iH, Y^ = iX^, y__ = —iX^ be a basis for the real lie algebra sl(2,C), and let 
H*, X^ etc. denote the elements of the dual basis. Let [) = {H, T) be the Cartan subalgebra 
of 5[(2, C). The Casimir operator is given by 

4C = if2 _ ^ 2X+X_ + 2X„X+ + 2r+F_ + 2YJY+. 

If r G C and A; G Z, let A = 2irH* + ikT* e i)* and let Ix be the representation of 
SL{2, C) unitarily induced from the character 



2 Notation 




Let 
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These are unitarisable for {k, r) in the set 



U = {{k,r)\r e M}U{(A;,r)|A; = 0,r G ^(-1,1)}, 

and two such representations I\, are equivalent iff A = i/x. Furthermore, these arc all 
the irreducible unitary representations of SL{2, C) other then the trivial representation. We 
choose a set U' cU representing every equivalence class in U to be 

U' = {{k,r)\r e (0,oo)}U{(A;,r)|r = 0,A; > 0} U {{k,r)\k ^ 0,r e i(0, 1)}. 

Given tt e G nontrivial, we shall say tt has weight k and spectral parameter r if it is 
isomorphic to I\ with A = 2irH* + ikT*, {k,r) e U'. For fixed k, all representations of 
weight k may be realised on the space 

Wk = {fe L\K)\f{mg) = Xk{m)f{g),me M}, 

where in practice we shall assume the weight to be understood and denote this space 
by W, with Wk denoting the subspace of X-finite vectors. Let T be the conjugate linear 
mapping W — )■ W*, T : f (■)/)• H |^| < -^a will contain pm (or p^, as they are 
isomorphic) as a K-type with multiplicity one, and we choose explicit unitary embeddings 
Pm ^ ^ and pjjj ^ using our choice of basis by 

V ^ {m + iy^'^{pm{k)v,Vm), (3) 
V* ^ {m + iy^'{pl{k)v\vlj, (4) 
^jiky = {Pl{k)v;X_J. (5) 

If V & W we shall often think of v as a vector in all representations Ix of weight k 
simultaneously, as for v and v* under this embedding. 

Fix an m and let p = we shall define the correspondence between sections of X x^p 
and automorphic forms. Recall that for a representation r of K, the principal bundle X x^t 
is the quotient of X x r by the right X-action 

{x,v)k — {xk, p{k)~^v), (6) 
so that sections of X Xk t may be thought of as sections of X x r satisfying 

p{k)v{xk) = v{x). 

Let a = p® p* and define the bundles B = X Xk p and E = End(i?) = X Xk cr, with 
the Hermitian structures coming from the one on p. There is an equivalence between square 
integrable sections s e L'^{Y, B) of B and X-homomorphisms p* — > L'^{X) via the map 

{v^ {s{x),v)), (7) 

and so the decomposition of L'^{X) as a direct integral of automorphic representations 
induces one of Homx(p*, -^^^(X)) and LF'iY^B). Elements of L'^{Y,B) corresponding to the 
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discrete spectrum will be called automorphic sections, and these are the analogues of Laplace 
eigenfunctions for which our lift will be defined (in particular we ignore the continuous 
spectrum of X). If vr C L'^{X) occurs discretely and i?^ is the unitary embedding W — )■ 
L^(X) associated to vr, the definition of the section s associated to vr by ([7]) may be unwound 
to give 

m 

S={m+ If'^ J2 RMm-2^>m-2^. 
1=0 

We will normalise this, so that our definition of the section s associated to a repre- 
sentation vr is 

m 

^ = Y1 R^i'^*m-2i)'Vm-2i- (8) 
i=0 

There is a natural identification of X with the orthonormal frame bundle of Y and of 
5**1^ with X/M, and so if vr : S*Y —> Y is the projection this induces isomorphisms of 'i^*{B) 
and T^*{E) with X Xm p and X Xm cr, which we shall implicity make use of throughout the 
paper. 

3 Statement of Results 

Fix a representation p = pm and a weight k with \k\ < m, and consider an automorphic 
section s & L'^{Y,B) of B = X x^ p associated to a representation vr of weight k. Our first 
result is the construction of a microlocal lift of s in terms of tt. Explicit lifts of this kind have 
already been constructed for functions on an arbitrary locally symmetric space Y = r\G/K, 
which was first carried out by Zelditch [231 121] for G = S'L(2,M), before being extended to 
SL{2,M.)^ by Lindenstrauss [10] and to arbitrary semisimple Lie groups by Silberman and 
Venkatesh [19]. These require the function to be an eigenfunction of the full ring of invariant 
differential operators on Y rather than just the Laplacian, and as a result produce lifts whose 
weak limits are invariant under a maximal R-split torus of G rather than just the geodesic 
flow. They are most naturally thought of as distributions on C^{r\G), but the standard 
lift may be recovered from them in the large eigenvalue limit via a correspondence between 
T\G and S*Y. 

For s G L'^{Y,B), the correct generalisation of definition ([T]) is obtained by replacing 
Op (a) with a pseudodifferential endomorphism of B (which we shall require to be compactly 
supported in order to deal with the noncompactness of Y), so the lift Us should be a dis- 
tribution on the corresponding space of symbols which is C^{S*Y,'n'*{E)). We will define 
Us coordinatewise using the distribution fin{f, introduced by Silberman and Venkatesh in 
[in], whose definition we now recall. If vr is the automorphic representation associated to s, 
and / G Wk and $ G W^, define the functional /i,r(/, ^) on C^^(X) by the rule 

/i.(/, $)((?) = $oi?;ioP(i?,(/).^), (9) 
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where P : L'^{X) — )• Rt,{W) is the orthogonal projection, and Rnif) ■ 9 denotes pointwise 
multiphcation of functions on X. We may now state our definition. 

Definition 1. Suppose s G L^{Y, B) is an automorphic section with associated representation 
71. If f & C'^{M\K) and $ G we define the microlocal lift Usif, ^) to be the element 

m 

of C^j^lXjCx)' , which may also be thought of as being in C^{S*Y,TT*{E)y . Here ip* are 
as in 1^. 

We then define the hft to be //^(l, 5), where 5 is the delta distribution at the identity 
in K. Its properties are summarised in the following proposition. 

Proposition 2. Let {s„} be a sequence of automorphic sections of B with fixed weight k and 
spectral paramter tending to oo. Then, after replacing by an appropriate subsequence 

and denoting ^n, there exist sections s\ and in L'^{S*Y,tt*{B)) such that 

1. The projection of Vn to Y coincides with the element s* ® s„ of C^{Y,Ey. 

2. For every f G C^{S*Y, 7i*{E)) we have lim - 4* ® 5^ (/)) = 0. 

3. Every weak- * limit of the measures s\* ® s\ is A-invariant. 

4. {Op{a)sn,Sn) = z/„(a) + o(l) for all a e Co^(5*r, 7r*(E)). 

5. Let T C EndciC'^lX, p)) be a C subalgebra of bounded automorphisms of C°°{X x p) 
commuting with the G action and with the right action of K on X x p. Then each t eT 
induces an automorphism ofC°°{Y, B), and we may suppose that s„ is an eigenfunction 
of T . Then we may choose s\ and to be eigenf unctions with the same eigenvalues 
as Sn- 

The proof of this proposition is contained in sections H] and [5], and is valid for any finite 
volume hyperbolic 3-manifold with the definition of automorphic section relaxed to mean one 
associated to a representation of SL{2, C) rather than the full Adele group. It is similar to 
the analogous result of Silberman and Venkatesh in [19] and we shall follow their method of 
proof closely, occasionally referring the reader to their paper when our proof of a proposition 
is sufficiently similar to theirs. As s},* ® 5^ G {S*Y, tc* (E*)) , (2) implies that any weak 
limits of {i^n} are measures, and (4) is the same as saying that has the characteristic 
property of the standard lift in the large eigenvalue limit. The equivariance property (5) will 
not be relevant for us but we state it anyway; its proof is identical to that of the analogous 
statement in [19], and we will not reproduce it here. 

The most natural question one may ask about the vector valued lifts we have defined is 
what their high energy limits should be, and simple heuristics given in section [5TT] lead us to 
conjecture the following answer in generalisation of QUE for functions. 
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Conjecture 1. //{s„} is a sequence of L"^ normalised automorphic sections of X Pm of 
weight k, the unique quantum limit of their microlocal lifts z/„ is fl^ ® v^kdx/ Vol{X). 

Our main theorem provides support for this conjecture, by relating it to a subconvex 
bound for a triple product L function in the eigenvalue aspect. 

Theorem 3. Let Tin be the automorphic representations associated to Sn, with spectral pa- 
rameters r„ . Conjecture [I] is equivalent to the asymptotics 



for all automorphic representations n' of GL2 and x of GLi which are unramified at all 
finite places. 

As the analytic conductors of the L functions occurring here are r,^ and (ignoring 
other parameters), the bounds of theorem [3] represent modest savings over the convexity 
bound. A consequence of this is that the GRH for the triple product L function implies the 
equidistribution of z/„ at the optimal rate, which is z/„(s) = ©(r"^"*"") for s G C^{X,a) of 
mean 0. It also illustrates that the phenomenon studied by Milicevic [11] of base change forms 
becoming large at CM points of Y is not strong enough to affect their global equidistribution. 
It should be noted that, because our lifts are Hecke equivariant and have A invariant limits, 
it is likely that the ergodic techniques of Lindenstrauss and Silberman and Venkatesh can 
be used to establish conjecture [1] unconditionally. 

We shall prove theorem [3] by evaluating i/„ against s G C°°{X,a) of the form (pv, where 
f G 0" and is a i^-finite vector in an automorphic representation vr', using the Rankin- 
Selberg formula and the triple product formula of Ichino. We formulate the required triple 
product integrals in section [6l before calculating the necessary asymptotics for Archimedean 
local integrals needed to make Ichino's formula explicit in section [71 We finish section [7| with 
a closely related calculation in the weight aspect which will be needed in a paper on QUE 
for automorphic forms of cohomological type [12], and give an interpretation of conjectured] 
in terms of tensors and sections of local systems on Y in section [HI 

4 Weak Limits and A-invariance 

In this section we verify the first three properties of our microlocal lift stated in proposition 
[2] We begin by simplifying the definition f[TO|) of Us. Note that if / and g are /^-finite then 
Rnif) ■ 9 also is, and hence if $ may be represented as (■, where is an infinite formal 
sum of i^-types the expression 



and 




(11) 



(12) 



{R-'oP{R^{f).g),<l>') 
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is well defined and agrees with fi-^lf, $)((?)• As a result we may define via the alternate 
expression 

m 

l^s = Y^ R^{S)R^{llj^_2i)v~k ® Vm-2i, (13) 
i=0 

whose integral against g will reduce to a finite sum agreeing with Usid) for g G C^(X, a), 
and by ([H]) this may be simplified to 



Us = RA^)v*^k ® s. (14) 

To verify (1) of proposition |2l we calculate Ug on a section goiE = XxK<y. As (7 is 
i^-finite we may do this using f fT4|) . 



'^s(fl') = / {g,R-n{^)v-k® s*)dx 

{p{k)g{xk), i?7r(5)^-A: ® s*)dkdx 
{g{x),p{k'^) [R^{5){xk~'^)v^k ® s*{xk~^)])dkdx 




X Jk 




X JK 



{g{x),yj R^{6){xk ^)p{k ^)v^kdkj®s*{x))dx 
We may now simplify the integral over K as follows: 

R^{5){xk'^)p{k-^)v_kdk 

m 

Vm-2t{p{k )V-k,Vm~2t)dk 

t=0 

y'?^m-2t^7r( / {p{k~^)v.k,Vm-2t)p{k~^)Sdk 

i=o 



We have 



K 



{p{k ^)V-k,Vm-2t)p{k ^)6dk = {p{k ^)v^k,Vm-2t) 

= (p(^X-2t.^-fc) 



m-2t 



as elements of W, so ( ITSl) becomes 



(15) 
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t=0 

required. 

We now prove (2) and (3) of proposition [21 which deal with weak hmits of the z/„. The 
proof of (2) is based on comparing z/„(l,5) with t'n(/n, 7" ((?„)) where {/„} and {gn} are 
L^-bounded '5-sequences' in C'^{M\K) and Wk respectively. We introduce the notation 
i^n/i,/2) = ^^.(/i,T(/2)) (/i e C^iM\K), h e Wk) for these distributions; the following 
lemma shows that they are in fact finite measures, from which we will be able to deduce 
that limits of z/„(l,5) also are. 

Lemma 4. Suppose fi E C^{M\K), fieWx- Then 

» m 

i^f(/i,/2)(^) = / Vi^Trl/i ■^m-2i)(a;)^^(/2)(a;)(c/(x),t;_fc(g)t;;;_2i)rfx 

and i^Jifi, /2) defines a a* valued measure on X of norm < (m + l)^''^||/i||2||/2||2- 
Proof. The first statement follows from the definition of z/J. For the second, 



» m 

l^I{flj2){g) < SUp||^(x)|| / y2\RAfl-i^m-2i)i^)Rnif2)ix)\dx 

m 

< sup \\g{x)\\ J2 WMfl ■ rm-2^)\\2\\RM2)\\2 
1=0 
m 

= sup||5(a;)||^||/i-C-2.l|2||/2||2 



i=0 
m 



< 



SUp||^(a;)|| ^SUp |^^;;_2il||/l||2||/2||2 



i=0 



< (m + lpsup||^7(x)||||A||2||/2||2. 



□ 



We now make the first refinement of the sequence mentioned in proposition [21 by 
passing to a subsequence for which the distributions z/„(/, $) all weakly converge to limits 
which we shall denote Vooif-, This will be implied by the following condition: 

Definition 5. We say that a sequence {s„} is conveniently arranged if the measures ^'^(/i, /2) 
are weakly convergent as n oo for all fi G C°°{M\K) and /2 G Wk ■ In this situation we 
denote lim z/J(/i, /a) 61/ /a). 
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The existence of a conveniently arranged subsequence is standard, and is demonstrated 
in [in]. Assuming {s„} to be conveniently arranged, the weak convergence of I'nif, ^) can be 
shown as follows. Fix / e C'=^{M\K), (S> e W^, and g e C^Ki^, a). If Wj^ is the subspace 
of Wk whose isotypic components are pm for m < N, define the A^-truncation $Ar of $ to be 
the unique element of such that $ and T($Ar) agree on . It follows from the definition 
of z/s(/, $) that if we choose = N{f,g) sufficiently large then z/„(/, = i^nif^ ^N){g), 

and so the limit lim z/„(/, exists. Consequently, we may define u^o '■ Wk x — )■ 

n—^oo 

C^^(X X a)' as 

'^oo(/,$)(^) = lim !/„(/, <l>)(^), 

n-^oo 

and set Uoo = ^oo{^,S), so that u^o is the weak limit of {z/„}. We now prove that u^o is 
a measure by defining and and establishing (2) of proposition |2l which relies on the 
following lemma from [19]. 

Lemma 6. Let be conveniently arranged. Then for any f,fi G C'^{M\K) and /2 G 

^^(/l,/-/2)=i^^(/l-7,/2). 

We apply this by defining p G VTft- to be any function such that p(e) = 1, and letting 
{fj} G C'^{M\K) be any sequence such that the measures are tending to the delta 
measure at the origin. For a suitable subsequence of {fj} we define and by 

m 
1=0 

SO that J^nifjnJ fjnP) = ^n* ® ^n- Lemma H shows that {i^nifjn^fjnP)} is a bounded 
sequence of measures, and a quantitative form of lemma [6] shows that for a suitable choice 

of {jn}, 




lim4*®S2(^^) ^ limz/J(/j,^,/j„p)(^) 

n— >oo ra— )-oo 

= limz.J(l,|/,„pp)(^) 

ra— >oo 

= lim z/„(l,5)(5() 

ra— >oo 

= i^ooig)- 

Therefore is a measure as required. 

We now establish the A-invariance of z/qq. We do this by showing that the co-ordinates 
of z/„, which are the distributions /i„(^/'*,5) defined in ([9]), satisfy the differential equation 
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H^M,S) = —n'j (16) 

where is a weakly convergent sequence of distributions and r„ are the spectral 

parameters of s„, from which it follows that their weak limits satisfy H fi^oi'ipj , S) = 0. /i„ 
is a G-equivariant map from Wk ® Wj^ to C^(X)', so we may proceed by establishing an 
equation similar to f lT6|) for H{iIj* ® 5). We do this starting from the equation 

C^Ij* = (-r^ - 1 + mV4)V'; (17) 
= aijj* 

for the action of the Casimir operator on Ix, and the action of X G a © n on 5 under the 
dual representation, which is 7i'{X)6 = —(A + p){X)6. It follows from this that 

(X + (A + p)(X))(/ ® 5) = (Xf) ® 5 (18) 

for X G a © n, and we may use this to convert f[T7|) to an identity between derivatives of 
ipj^S in which H{ip*®5) is the dominant term as r — > oo. We first define Xt = X+ — X_ G t 
and Ye = y+ — y_ G and rewrite the expression for C as 

AC = H"^ - AH -T"^ + AXl - 4X+Xe + AYl - AY+Yf. 

We than have 

(AC-Aa)^* = 
(i/^ - 4i7 - + 4X^ + - 4a)V'* = {AX+X^ + AY+Yi)^lj* 
[{H^ -AH~T^ + AXl + ^^1 - 4")^;] ®5 = [(4X+Xf + 4r+rt)^*] © 5. 

As the element of U{q) acting on ip* on the LHS is in ?7(a © n), we may shift the 
differentiation from ip* to ip* ® 5 using f lTSj) . 

((if + 2ir + 2)2 - A{H + 2zr + 2) - (T + zm)^ + 4X^ + AYl " 4a) (^Z-* © 5) 

= 4X+(Xt^; © 5) + 4F+(Ft^; © 5 
(if2 + 4^irH - - 2imT + 4X^ + 4F^)(^* © 5) 

= 4X+(X(^; © 5) + 4F+(FtV^; © 5) 
AtrHiij* © 5) = (-if2 + + 2imT - AXl - 4F^)(^* © 6) 

+AX+{X,ij* © 5) + 4F+(FtV^; © 6). 

Therefore 
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i-H^ + T^ + 2imT - AXl - AY:^) , 5) 

and all the distributions in brackets on the RHS can be seen to be weakly convergent. 
Therefore Hfioc,{'4'jy S) = and Huoo = as required. 

5 Agreement with the Standard Lift 

In this section we shall prove part (4) of proposition [2], which states that the lift we have 
defined satisfies the characterising property of the standard lift, or that 

(Op(a)s„, s„) = i/„(a) + o(l) (19) 

for all smooth symbols a G C^{S*Y,7i*[E)). We will prove this for a subspace of sym- 
bols corresponding to differential operators on B, homogenised by a suitable power of the 
Laplacian, and infer the result for all smooth symbols by density. 

Let T G C^j^{X, a), and u G U{q) be of degree d. r gives an operator mult,- on C°°(X, p), 
and we will let u operate on C°°(X, p) by coordinate- wise differentiation. Let tt* be the natu- 
ral map C°°(F, B) C°°(X, p) and vr* the map C°°(X, p) C~(F, B) given by integrating 
over the principal action ([6]) of K. We shall homogenise our differential operators by mul- 
tiplication by (Y — (7/4)^°'/^, where C is the Casimir operator and where Y is chosen to 
make Y — C/A positive. In what follows we shall use p to denote the action of K on both 
representations p and a; we trust this will not lead to confusion. 

We shall calculate the action of the operator MyOp(r) defined by 

MyOp(r) : / TT, o mult, o u o (Y - C/A)-'^/'^ o tt*/. 

If we think of u as defining a polynomial Ud of degree d on q* and let ^ = AiH*, its symbol 
will be the following section of vr*(£') = X Xm o". 

Jk 

It follows that 

(MyOp(r)s„,s„) - (Op(a,,„)s„, s„) = o(l). 
We may calculate (MyOp(r)s„, s„) explicitly; it is given by 

(MyOp(r)s„, s„) = (r - 1/4 - (A„, A„))-'^/2(mult,(nsO, s„), (20) 
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and we must show that this equals ^'n(o.T,«) + o{l). As before, the i^-finiteness of im- 
phes that we may replace i'n{cLT,u) with z/J(l, SN){cLr,u) for sufficiently large, and calculate 
the limit of this as — )■ oo as some function of n. 



SN){ar,u) = {ar,u, R-K{SN)V-k ® S*) 

Ud{k^^ ^k) p{k)T{xk)dk, R.„[5N){x)v-k ® s* (x) ) dx 



X \JK 




X Jk 



{ud{k~^ik)T{x), p{k~^) [R^{5N){xk~^)v^k ® < (xA;"^)] )dkdx 
{ud{k^'^^k)T{x), [RT,{SN){xk^^)p(k~^)v^k] ® s*^{x))dkdx 

IX JK 

{T,J®sl)dx, (21) 




where J{x) is given by 



J{x) = / Ud{k ^^k)RT,{5isi){xk ^)p{k ^)v_kdk. 



K 



By expanding p{k in the basis {vt} and using the linearity and G-equivariance of 

Rtj, this may be simplified as follows: 



J(x) = / Ud{k-^^k)R^{SN){xk-^)p{k-^)v^kdk 
Jk 

» m 
= / Ud{k-^^k)R^{5N){xkr^)y2{pif^'^)^-k,Vm-2t)Vm-2tdk 

X)V„i-2t- 

By the weak convergence of Jat, the argument of R-,^ above tends to the function 



Ud{,k ^ik){p{k ^)v^k,nm-2t) = Ud{k ^^k)ip^.2t 

in the norm of W. Therefore for a suitable sequence e„ G L'^{Y,B) tending to we 
have 

m 
t=0 

and inserting this into ( 12T|) gives 

/ m 

z/J(l,(57v)(a^,n) = /r,^i?^ (ud{k-^^k)tlj*^_2t^ v^-2t ® s*^ \ +o(l). 



2t [X)Vrn-2t + e„. 



t=0 

13 



As in lemma [6] we may now shift the factor Ud{k~^^k) from the first factor of the tensor 
product to the second to obtain 



pIU, 5n)M = [r, s„ ® ^ i?^ {Mk-'^k)rm-2tym-2tl + o{l)- (22) 

The final step in transforming this expression to fl20|) is to apply the following lemma, 
taken from [Idj, which allows us to bring the factor Ud{k~^^k) outside R-j^ as the differential 
operator u. 

Lemma 7. Suppose that A„ = iVnH* + ikT* with k fixed and r„ — )■ oo. If u eU{q) is any 
differential operator, let Ud he the associated polynomial function of degree d on q* and ^ G f)* 
he as defined ahove. For f G Wk, we have 

-l-{I,{u)f){k) = Ud{k-'^k)f{k) + 0{\\Xn\\-') 
\\^n\\ 

as n oo, where || A || = | (A, A) | . 
Equation ( !22|) now becomes 



= {r, Sn® (uSn)*) + 0(1) 

ll^nll 

= {Y- 1/4 - (A„, A„))-'^/2 (muh,(Ms„), s„) + 0(1) 
= (MyOp(r)s„,s„) + o(l), 

which concludes our proof of f|T9|) for the symbol a^^u- As symbols of the form „ are 
dense in the space of all symbols in the topology, it follows that satisfies (fT^ for all 
a G C^{S*Y,TT*{E)) so the proof of proposition [2] is complete. 



5.1 Motivation of Conjecture [T] 

We conclude this section by giving the heuristics behind conjecture [H Let {sn} be a sequence 
of automorphic sections of weight k with microlocal lifts {z^„}, and let 

m 

a= ^ f{m-2i,m- 2j)vm-2i ® fm_2i 

be an element of C^j^{S*Y, n* (E)) . We shall calculate z/„(a) using the formal expansion 
of 6. For / > \k\, let be the vector of weight k in pi and define Pi = {p{k)u*i,u*i) . Then 
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5=5^(/ + l)T(A), 
/=|fc| 

and z/„(a) may be evaluated by the following (finite) sum: 



oo m „ 

Y,Y. RM+m)RM'L-2^)f{-k,m-2^)dx. 

1—\U\ A—Ci 'J X 



oo m 
l=\k\ i=0 

If 4'm-2i — Ph that is / = m and m — 2i = —k, we expect 



^mj I 



lim*i?^((m + l)/3Ji?^(7/.;;_2j = {m + 1) \im* \R^{/3„ 

n— >oo n— >oo 

= (m + l)||i?^(/3„)||VVol(X) 
= l/Vol(X), 

while all other terms should be tending weakly to (here lim* denotes weak limit of 
functions on X). This would imply that 

lim Un{a) = I {f{-k,-k),l), 
which is the assertion of conjecture [H 

6 Formulation of Triple Product Integrals 

Having established the basic properites of our lift, we now turn to the proof of theorem |3l 
By Weyl's criterion, the equidistribution of Un is equivalent to the convergence of each of its 
co-ordinates to the expected value when evaluated on a 'basis' of L'^{X) consisting of the 
constant function, cusp forms, and unitary Eisenstein series. Un was defined in (JT3il to be 



m 



i=l 



Vn,i = RniS)Rnirm-2^). (23) 

and if G vr' is a if finite vector in an automorphic representation, we may replace 6 
in ( !23l) with a sufficiently large truncation 6n to obtain an expression for i'n,i{<P) as a well 
defined integral 



T^nA'P) = / Rn{,5N)Rn{,^*m-2i)'Pdx. 



X 



As in section 15. the expected limit of Vn,i is determined by its value on the constant 
function, and its convergence to this limit is equivalent to the decay of its values on all 
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nontrivial vr'. In this section we shall use the triple product formulas of Ichino and Rankin- 
Selberg to express the integral defining z/„,i(0) as the product of a central L value and a 
local Archimedian integral, and theorem [3] will follow from this once we have established 
asymptotics for these local integrals in section [71 

6.1 Notation 

In sections [6] and [7] we shall change perspective slightly and think of our automorphic forms 
as being on GL{2, C) with trivial central character, which is equivalent to our previous 
definition but agrees better with the statement of Ichino's formula and the formulation of 
local integrals. Let G = GL{2,C) with centre Z, and let G = G/Z. We define Z, A and 
to be the usual subgroups of G, with the parameterisations 

m = ( J ) , aiy) = ( ^ ) , nix) = ( J ^ ) . 

Let dy be Lebesgue measure on C, and choose dy^ = \y\~'^dy as Haar measure on C^. 
We give Z, A and the Haar measures ^dt^ , ^dy^ and dx respectively, and give the Borel 
the left Haar measure db = \y\~^j:^dt^dx^dy^ . We choose the Haar measure dg on G to be 
dbdk, where dk is a Haar probability measure on K. If db is the measure \y\~'^dx^dy^ on 
NA = B/ZjWe choose the Haar measure d'g on G to be dbdk where dk is again a probability 
measure, d'g has the property that its pushforward to G/K = is the standard hyperbolic 
measure. Throughout, we will use the standard additive character ip{z) = exp(27ritr(2;)) of 
C. 

Let In be the local factors of 7r„ at infinity, and Rn the unitary embeddings /„ — )■ L^(X). 
When working with various triple product formulas, it will be necessary to commute various 
complex conjugations past the embeddings Rn or the formation of matrix coefficients. If 
V & TTn, Rn{v) will lie in the contragredient representation 7r„ whose local factors are dual to 
those of 7r„. However, as 7r„ had trivial central character all its local factors are self dual. 
Therefore 7r„ = 7r„, and so we may let cr :/„—)■/„ be conjugate linear isomorphisms which 
satisfy Rniy) = Rn{cr{v)). 

6.2 The Cuspidal Case 

Let vr' be cuspidal of weight k' and spectral paramteter r', and let G vr' be K-finite. We 
shall evaluate the integral 

VnA(t>) = / Rn{5N)Rn{'4'm-2i)(t>dx 

Jx 

= f Rn{a{6N))Rn{rm-2^)<Pdx (24) 
J X 

using a formula of Ichino [7], which we state below in our simple case in which all three 
automorphic forms are unramified and occur on a split form of GL2. 
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Theorem 8. Notations as above (in particular for F of class number one), let tii be three 
automorphic representations on GL{2,0)Z\GL{2,C) with archimedean factors li. Let 0j G 
TTj be three normalised K -finite vectors, and Vi G /j the corresponding archimedean vectors. 
Then there is a constant C depending only on F such that 











JX 


JG 



{h{g)vi, vi) {I2{g)v2, V2) {I3{g)v3, V3)dg 



X 



L(l/2,7ri (g)7r2 OTTg) 



n^(l, sym' 



(25) 



If n G /' is the archimedean vector corresponding to 0, we may apply Ichino's formula to 
to obtain 



Z^n,i(0)| =C I {In{g)cr{6N),Cr{6N)){In{gWm-2^,i^*m-2^){^'i9)u,u)dg 



^ L(l/2,7r„®7r^®7rO 
L(l, sjm'^TCn)'^L{l, sym^Tr') 



The gamma factors of this triple product L function are 



Loo(vr„ ® 7r„ ® tt', = n r (3 ± 2r„ ± f + M + X J] r ± f + . 

± ± 

We therefore see that the analytic conductor of L(s, 7r„ ® 7r„ ® n') behaves like in 
the eigenvalue aspect, so that ( ITT]) is a slight strengthening of the convex bound for this 
L function. To show that the decay of Vn,i{<P) follows from this we must show that the 
archimedean integral S appearing in fl26l) satsfies S <^ for all i and m, while to deduce 
the decay (ITT!) from Vi^n{<P) — we need only show that S ^ for some choice of i and u. 
We shall do this in section [7] by transforming S to the corresponding integral which appears 
when is chosen to be an Eisenstein series, using a formula of Michel and Venkatesh [13] . 

6.3 The Eisenstein Case 

We now consider the case of an Eisenstein series. Fix an integer /c', and for t G C let 
Xt : — 7- be the character 

Xf.z^ {z/\z\f'/M'''- 

As usual, set s = 1/2 + it. Let vr'(s) be the representation of G unitarily induced from 
the character 
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of the Borel. We take a family of vectors f{s) in the induced models for 7r'(s) whose 
restrictions to K are fixed, and let E{s,g) be the associated Eisenstein series so that for 
Re(s) > 1, 

E{s,g)= J2 fi')i^9). 

roo\r 

Un^iiE^s, ■)) is equal to the integral 

I/„,(i?(s,-))= [ Rn{5N){g)Rn{rm-2r){9)E{s,g)dg, (27) 
J X 

and we shall calculate this by unfolding. We let W„ be the Whittaker model of 7r„ with 
respect to ijj, and we equip this model with the inner product 

{W,,W2) = ^[ [ WMy)k)W2{a{y)k)dy''dk. (28) 
2vr Jcx J X 

Fix a unitary isomorphism between and >V„, and let Wn,i and Wn,2 correspond to 
'^m-2i S'lid (^AT SO that Rn{i'm-2i) Rni^N) havc Fouricr expansions 

Rn{i'*m-2i) = ^(^n,£Wn,l{a{iK)g) 
Rni^N) = y^^an,iWn,2iai^K)g). 

Here, k is a generator of the inverse different O* of O and the Fourier coefficients 0^,^ 
satisfy 

where A„ are the automorphically normalised Hecke eigenvalues of 7r„. The normali- 
sations of Rn and Wn,i imply that 

, ,2 47r 



Unfolding ( |27|) for Re(s) > 1, we have 



L'|L(l,sym27r„)' 



UnAE{s,-)) = / _Rr,{r^_^,){g)Rn{SM){g)f{s){g)dg 



1 

2^ 



f{s){a{y)k)\y\~'^dxdy^dk. 



Rnii^^-2i)inix)a{y)k)Rn{6N){n{x)a{y)k) 



(Note that C/{±1}C denotes the quotient of C\0 by multiplication by — 1.) 
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f{s){a{y)k)\y\-My-dk 



^ / / WnMy)k)Wn,2{a{y)k)f{s){a{y)k)\y\'Hy''dk 



X J K 



/ x-i^(l/2,7r„ 7r„ (g) ^) 



4 ^ L{xt\l) 



TT- / / W^n,i(a(y)A;)l^„,2(a(y)A;)/(s)(a(|/)A;)||/|-%xrffc. 



27T 

Applying the normalisations of |a„,i|^, this becomes 



Cx JK 

2 



(F( \\- ^^*(^) ^ L(l/2,7r„(g)7r„0Xt ^) 
r^n^ms,.)) |^|^(^-2^i) L(l,sym%„) 

1 



X / / Wn,My)k)Wr,,2iaiy)k)fiaiy)k)y-'dy>'dk. (29) 
The gamma factors of the triple product L function occurring here are 

Lo^{s, Tin® Tin® Xt^) = T (^s + ?t + ^) ^ JJ T (^s ± ir„ + it + + ^) , 

± 

so that its analytic conductor behaves like in the eigenvalue aspect and the decay 
( |T2|) represents a small saving over the convex bound for L. If we denote the archimedean 
integral occurring in ( 129|) by T, the equivalence of Pn,i{E{s, ■)) — with (fT2|) is implied by an 
asymptotic T ~ as in the cuspidal case. In the next section we state a relation between 
S and T which shows that the asymptotics that we wish to prove for them are equivalent, 
and we shall establish both by calculating T. 



7 Archimedean Integrals 

There is a simple relation between S and T due to Michel and Venkatesh [13] which will be 
of great use to us. To state it, let Vi G U be three vectors in representations of GL{2, C) with 
trivial central character. Let Wi and W2 be the Whittaker models for Ji and I2 corresponding 
to ijj and and let X3 be the induced model of J3. We equip Wj with the inner product 

{w,,W2)= [ WMy))wMy))dy\ (so) 

Jr+ 
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(which is equal to the one defined in (l28l) ), and X3 with the inner product 



(/,/)= / ifm'dk. 



K 



Fix unitary equivalences between /j and their respective models, under which Vi corre- 
spond to Wi, W2 and f^. Michel and Venkatesh then prove 



Proposition 9. 

{gvi, Vi){9V2, V2) {gv3, V3)dg 



G 47r 



Iff ' 

Wi{a{y)k)W2{a{y)k)fMy)k)y-'dy''dk 



K 



(31) 



In other words, our two integrals satisfy S = |Tp, and we shall prove asymptotics for T 
using the formulas for Wi given in Jacquet-Langlands [8j which we recall below. Note that 
the upper bounds we require may also be proven quite easily by applying stationary phase 
to S. 

7.1 Whittaker Functions 

Let / be a representation of GL(2,C) with trivial central character, weight k and spectral 
parameter r. We will break with our established normalisation of these parameters and 
assume that A; > while r may be negative. Let W be the Whittaker model of / with 
respect to and for a fixed m > let : pm — ^ VV be the corresponding embedding of 
the /T- representation p^- We shall use a formula for W which is a simplification of the one 
given in Jacquet-Langlands [8]. For w G {—m, —m -|- 2, . . . , m}, define 

VM = y'''^' Yl Cp,.l/"+'^-^r+p-,-W2(4v^l/), (32) 

where Cp^q are nonzero constants depending only on k and m and A is the set of {p, q) 
satisfying 



p>0, g>0, p>w/2-k/2, q>-w/2-k/2, {m-k)/2>p + q. (33) 
If we let 

m 

W{y) = J2Vm~2j{yW-2j, (34) 
the embedding W is given by 

Wiaiy)k){v) = C{p{k)v,W{y)) (35) 
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for a constant C required to make W unitary. The integral T is therefore expressed in 
terms of integrals of two Bessel functions and a power of and may be calculated using the 
following formula of Gradshteyn and Ryzhik [5]: 

y^K,{y)KMdy = U T (^i±A±ii±^^ . (36) 

We shall make use of two cases in which exact form of (132|) is very simple. If w = m we 
have 

VUy) = l/"^/'+'i^-fe/2-..(4vri/), (37) 

and a k = m 

k 

W{y) = Cy'/'+' ©'^'^-.r-(fc-2,)/2(4vry)t;,_2,. (38) 

j=0 

We may use (1371) to calculate the constant C. 

/•oo 

{W{vm),W{v^)) = / y™+2|^_,,_fc/2(47r2/)pcil/^ 

Jo 

/■oo 

= (47r)-™-2 / y-^+'K_,/,^Uy)K-k/2-^riy)dy 
Jo 

om— 1 

= (4vr)-"^-'^;^;;^r(i + f ±|)r(l + f ±.r) 
r(i + f ±|)r(i + f ±^r) 

8r(m + 2)(27r)™+2 ' 
Therefore, ignoring absolute constants, 

Substituting this into (138|) when k = m, we have 

A; 

W(y) = C/Z^+iJ^ (J)'/V_,,.(,_2,)/2(47ry)t;,_2,-, 
i=o 

where C = {27T)''/\k + iy/^\r{l + | + ir)|-^ 
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7.2 Computation in the Eigenvalue Aspect 

In either the cuspidal or Eisenstein case, the matrix coefficient form of the integral to be 
evaluated is 



Jg 

As (1311) ensures that this integral is real, we may take its complex conjugate and use the 
relations {u,v) = {a{u),a{v)) and cr{4'm-2i) — ^'^2i-m (kl — 1) rewrite it as 

S= {In{g)SN,SN){In{g)^2i-m^^2i-m){^'i9)(^{u),(^iu))dg. (40) 



JG 

We shall replace ip2i-m ^ Pm with Vm-2i £ Pm, so that we can forget about taking duals 
of Pm, and let Wi = m — 2ihe its M- weight. We may also assume that u is an eigenvector for 
M of weight W2 in an irreducible representation pm' of K. We transform (HOj) to an integral 
of Whittaker functions using proposition [9] by transferring Vm-2i and ct(m) to their Whittaker 
models and 5n to its induced model. The induced vector corresponding to 5n is 

f{na{y)k) = 2/^+"^5,v(fc), 

and we let Wi be the Whittaker embedding of pm in W(/„, iIj) (we shall ignore dependen- 
cies on n for the rest of the section). Because the Whittaker function of cr('u) with respect 
to ip is equal to the conjuagate of the Whittaker function of u with respect to ip, we may 
let W2 be the Whittaker embedding of pm' in W(/', ip) so that we are left with calculating 
T = j Wi{vm-2i)W2{u) f . We now substitute the formula ( l35l) into this integral, letting Ci 
and C2 be the appropriate constants of unitary normalisation. 

00 



r = / / W^{a{y)k){vm-2^)W2{a{y)k){u)f{a{y)k)y-'dy''dk 

Jo JK 



00 



= C,C2 / / {p{k)vm^2^,'^l{y)){p{k)u,W2{y))5N{k)y-^+''dy''dk. 
Jo Jk 

As we are only interested in the asymptotic behaviour of T as r — )■ 00, we may ignore 
all factors which are independent of it, and write oc to indicate that two quantities are 
proportional with a contant whose absolute value is independent of r. 6N{k) has weight k 
under the right action of M, so for this integral to be nonzero we must have wi — W2 + k = 0. 
It also has weight k under the left M action, and its integral against functions h{k) on K 
of left weight —k is h{e). Because the other term in the integral has right weight —k, all its 
components with left weight other than —k must vanish at the identity. Therefore the inner 
integral in K reduces to evaluation of the first two terms at the identity, and our formula 
simplifies to 
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r = / (t;„.-2.,Wi(y))(n,W2(y))y-i+"'d|/X 

^0 

POD 

Jo 

where Vi and V2 are short for Vi^wi and V2,W2- We now expand this integral using the 
sums for Vi and V2, and consider the behaviour of each term seperately. The two sums are 

Vi{y) = y'"^' J2 Cp,,i/^+«A^-..+,-,-.,/2(47ry), 
V2{y) = y"'^'^' Yl Cp>,,>y^'+^'K_„'+p'-,'-^.,/2i^7ry), 

where A and B are as in ( l33l) . Ignoring constant factors, the term in our integral corre- 
sponding to a given p, q, p' and q' is 

C,C2 / y'^^-K,^U^7ry)K,iAny)dy- = C,C2 \' ^ \' , 

r((a + 6±c)/2 + ir) 

oc 

T{a + tr)\T{l + f + tr)\' 

where a = 1 + {k + k')/2 + p + q + p' + q' , 
b = p — q — Wi, 
and c = —ir' + p' — q' — W2- 

By Stirling's formula, the asymptotic behaviour of this expression as |r| — )► 00 will be 
\r\'^, where a is the sum of the real parts of the arguments of the gamma function occurring 
in the numerator minus those in the denominator. This is 6 — m/2 — 1, or p — q — Wi — m/2 — 1, 
and we wish to show that this is < —1. Adding the third and fourth constraints for p and q 
in fl55]) gives m/2 + Wi/2 > p, so 



p-q-Wi/2-m/2-l < m/2 + Wi/2 - Wi/2 - m/2 - 1 (41) 

= -1, (42) 

and T ^ as required. To establish the lower bound, we begin by determining those 
p and q for which equality can hold in (141 p . We must have q = and p = m/2 + Wi/2, so 
that the fourth and fifth inequalities of fl33l) become 
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> -Wi/2-kl2 
Wi > —k, 
and {m-k)/2 > m/2 + Wi/2 
—k > Wi. 

Therefore the only equahty case is when wi = —k, p = {m — k)/2 and g = 0. To 
exhibit the asymptotic lower bound, we may take m G /' to be the vector of minimal if-type 
and W2 = 0. Then V2 = ^2,0 is y'''^'^^^K_ir{4:7iy), and up to factors independent of r the 
expression for T is 

POO 

r oc |r(l + f + ir)\~' / V[i^y'''/'-^'+^^K^U^ny)dy\ 

Jo 

We have shown that all terms other than {p,q) = {{m — k)/2, 0) in Vi make a contribution 
of 0{r~^) to this integral, while {{m—k)/2, 0) makes a contribution asymptotic to because 
the expression for V2 only contains one term. Therefore T ^ r^^ for this choice of '4'm-2i 
and M, which concludes the proof of theorem [31 

7.3 Computation in the Weight Aspect 

We finish this chapter by computing two triple product integrals which we will need for a 
paper on QUE in the weight aspect |12]. Let / have weight > and spectral parameter 
0, and v±k G pk be the two vectors of minimal if-type and extremal weight in J. Let /' be 
spherical with spectral parameter r', and let u be the unit ii'-fixed vector. The first integral 
we wish to calculate is 

S= _{gvk,vk){gv_k,v^k){9u,u)dg. 
Jg 

We transfer Vk to the function / in its induced model, and let Wi and W2 be the Whittaker 
embeddings of u and pk in W(/, ip) and W(/', ip) respectively, so that S is determined by 
the Whittaker integral 71 given by 



Ti = / / WMy)k){u)W2{a{y)k){vk)f{a{y)k)y-'dy''dk. 
Jo Jk 

(Note that we are conjugating W2 and replacing v^k with cr(f_fc) ~ Vk as before). / is 
given by 

f[a{y)k) = {k + lf'^y{p{k)vk,Vk), 
and by the formulas f l52]) and fl5I?]) Wi and W2 are 
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WMy)k) = \V{l + ir')\-^yK„,{Any), 
W,{a{y)k){v) = ^ r(l + ^) (/^(^)^'^^(^))' 

k 

where W2(y) = y^/^+i ^ 



i=0 



Substituting these into 7i gives 

r(i + 2)|r(i + zr')| Jo 

We may perform the integral over K using the inner product formula for matrix coeffi- 
cients, which gives 



r(l + |)|r(l + zr')| Jo ' 

(A„\-k/2-l 2^'^^ ^ TT r l+k/2±k/2±ir' \ 



r(i + |)|r(i + ^ror ' r(i + |) ^ 
r (i±fHi) r (1^) 



r(i + |)2|r(i + ir')| 

(ignoring the constant factor in the last step) . The second integral we shall require is 

and we may obtain this easily from the calculation above. We first apply the identity 

\W2{y)\''^{k + l) f \{p(k)v,,W2(y))\'dk, 
Jk 

so that 72 becomes 

^ %/2tl) [ j/^''\^P^^>^^ wM)?y-'dy-dk 



y^^"'W2{a{y)k){vk)W2{a{y)k){vk)y-'dy''dk. 

Jk 



The three vectors ocurring here have norm one in their respective models, and when we 
convert the integral to its matrix coefficient form we obtain S. Therefore the absolute value 
of 72 is the same as that of 7i. 



25 



8 Geometric Interpretations of QUE 



Many differential geometric objects on Y, such as tensors and sections of certain local sys- 
tems, correspond to sections of the i^-principal bundles with which we have been working, 
and in this section we shall describe these correspondences and the associated reinterpreta- 
tions of conjecture [H In the case of vector fields and differential forms, if p G corresponds 
to the identity under the isomorphism G/K ~ H^, there is a natural identification of p 
with THp which may be extended by left equivariance to a map : G x p — )■ TM.^. It may 
be checked that factors through the principal action of K, and hence descends to a 
G-equivariant map (p : G x^p ^ TM.^ which is in fact an isomorphism. Taking quotients on 
the left by F gives an isomorphism X x^p — TY. We therefore have TY T*Y c:^ X P2, 
and so all scalar valued tensors on Y may be viewed as sections of ii"-principal bundles. 

In the case of 1-forms, exact Laplace 1-forms correspond to automorphic representations 
vr of weight 0, and are of the form df where / G tt is the i^'-fixed vector. Our conjecture then 
implies that quantum limits of exact forms are dual to the endomorphism of it*{T*Y) whose 
value at [x, v) G S*Y is the projection onto v. Coclosed forms correspond to representations 
of weight ±2, and their quantum limits should be dual to the operator which at {x, v) projects 
onto the vector u G f which is an eigenvector of weight =f2 for M. 

The local systems which are isomorphic to principal bundles are those obtained by re- 
stricting a representation r of G to F, and will be denoted Vr- The isomorphism may be 
seen by pulling Vr back to Vr on X, which is trivial as may be seen from the map 

(f) : G X T — > G X T 

{g,v) ^ {g,rig-')v). (43) 

This conjugates the F action 7 : {g, v) t— )■ (7(7, T{'~f)g) to one which is trivial on r, and 
so gives an isomorphism Vr — X x t. Vr is the quotient of Vr by the right action of K 
on G, and this is conjugated under to the principal action of on X x r so that 
Vr — X Xx T. We may use this isomorphism to equip Vr with a canonical positive definite 
inner product ( , ), by choosing an inner product on r with respect to which the actions 
of all vectors in t are skew-Hermitian and all vectors in p are Hermitian (such a product is 
unique up to scaling). It is proven in p^j that with this choice of inner product, automorphic 
sections of Vr are also eigensections with respect to the Laplacian induced by ( , ), and 
so we may use the isomorphism ~ X x^ r to apply our microlocal lift construction to 
Laplce eigensections of Vr. If we take a series of Laplace eigensections corresponding to a 
fixed weight and irreducible iiT-summand of r, we then see that the expected quantum limit 
of these sections will be dual to the projection onto a certain M-eigenvector f G r in the 
bundle X Xm t. 
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